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TREVOR 






% J UNIVERSITY OF SASKATCHEWAN 

K MATHEMATICS 124.3 — Final Examination — Solutions _ 

Tune: 3 hours April 12, 2001 Instructors: B.Friberg, G.Griffith, D. MacLean, & S.Singli* 1 *^ 




NO BOOKS, NOTES OR CALCULATORS ALLOWED. 

The first 28 questions are each worth 2 marks. The last six are worth 3 marks each. 


Evaluate the limits: 




(1) lim e x 

A— oc 


Solution: 

lim e • 

A — a. 

(2) lim xe~ x 

A —co 


i 

Solution: 

lim xe 



I 1 I 1 1 


n 


□ □ □ □ □ ir x: x x :r x 

l,m = ton i . (by L’Hopital) . 1 . 0(E) 


(3) lun 


sinx 


x -0 x 



Solution: lim (sinx)' 


A-O X 


— =(by L’Hopital) lim 


x-o (x)' x-0 1 


cosx 

= lim —; = cos 0 


1(G) 





















This watermark does not appear in the registered version - http://www.clicktoconvert.com 


(4) lim x smx 

A'-O- 



Solution: iim x sinx = n m (V n K 

x-O' 0 - ' ' 

(lux)' w 


x-O' 
1 


sinx lim lnx sinx 

— gx-0~ 


lim 


lim 


- lim 


sin" a 


e x-0* (CSCX = e x-0‘ - CSC X cot A' = e x-O' X COS X = pO 


iim 

gx—O" 


In x 

CSC A' 




=(by L’Hopital) 


1(G) 


(5) lim (-^-Y 
\x + 1 / 


□ 








Solution; 


ion: is(^rr) - “s urn , 


1; „ lnx - ln(x + 1) 

lim x[lnx - ln(x + 1)] 7 

eX “°° = e x =(by L’Hopital) 

,. (lnx - ln(x + 1))' 1 i 

)“-—-- i™ ilEI 


( 1 ) 


= e 


lim 

A —oo 


1 


j_ - lim x 2 - 
x- = e A ' - “ x(x + 1) _ g-i _ 




3 


Solution: /(x) = sinh(-lnx) = 


e -lnx _ e -(-lnx) 


and 




2 lx 



2 
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'N 

(7) Find the derivative/' (A) if f{x) = tan~ ! ( X x) ~ 



The possible answers are: 



F—PRT-t •£ 
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(9)Evaluate Y cos f ~i 

i = 0 

Solution: Y 


% 


1=0 


cos I I , 




cos ( 5°) + cos j + cos 


cos 0 + cos— + COS— + rnc- + rnc 2tt . Stt 

6 '-US 3 + cos — + COS — + COS — 4- COS TT = 

1 + # + 5 + 0+ B) + (-#) + ( -i>= 0(E) 

,h ? ,he sum is ,ha ' of 


(? 2 ) 


+ cos ^ ^ + cos 


6 4 Y C0S (Y)" C0S (? 6 )* 


The possible answers are: 

(A)-1 (B) (C)-i^ 


(D)-± 



/I *3 ^ 

(10) Evaluate | - * ii, 


Solution: The absolute value of - + —, is 
_ 2 o 



\'4 + 4 =%1 = 1 




and the argument is 0 = arctan -f = arctan V3 = - 


, so 


TT 


. V 3 . / TT TT i 

2 + = 1 (^ cos j * « sir — J and therefore 


1 v^.V 01 101 

2+—M =1 101 


„„„ ^ 01 TT 1 01 7T 

cos —-— + i sm —-—- 


4 
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cos ( 3277 + ~) + i sin ^32 tt + ^ ] = 


cos 


5tt\ . . /577 \ 

-r- + i sin — = 


3 J ' l ~YJ = C0S l~J , + 4sin 


77 

I 


-- = COS 


1 TT \ 

■4— I + i sm 


TT 


12 


4 12 J :(D) 


^. 1) _° f _ the , f0Ur f ° Urth r °° tS ° f the com P lex number - ^i, the one lying in the 


fourth quadrant is: 


Solution: The absolute value of - - - — i 


fl 3 

V5 + 4“' ! " 


2 2 


is 



,1 


and the argument is 9 = arctan —f- = arctan V3 = - - 77 = - —, so 

~2 3 3 


1 73 . 

2 


VJ . ( - 2 77 

-—I = 1 COS - 

2 V 3 


-277 


1 sin J and therefore the fourth roots of - I _ are; 




cos 


cos 


cos 


~T~ 2 77 A: 


i sin 


^ + 277fc' 


, fc = 0,1,2, 3 or 


T + ^?) ' ,s,n (ir = 0-1-2.3 


or 




77 77 

+ k — 


12 

quadrant, (B) 


2 ) * ' Sin (“TT + and takin § = 0 we get the root in the fourth 
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The possible answers are: 

(A) cos (-yj) + ‘ sln (-jy) 

(C,cos (- 3 n) + ,s “(-3^) 

<Bcos (- 5 n) + ism (- 5 n) 

(G,cos (- 7 n) + isto (- 7 i5) 

® cos (- 9 il) + ism (- 9 n) 


(BICOS (' 2 n) >lsin ( _ 2 n) 

(D) cos (-4^) + i sin (-4^) 

(F) cos (-6^)^-sin (-e£) 

(H) cos + i sin ) 

(J) cos (-10^) + i sin (~ 10 y^) 



V 


.0 


(12) The Cartesian coordinates of the point whose polar coordinates are ( 2 , — j are 



Solution: With r = 2 and 6 = we have x = rcosd = 2 cos — = 2— = \ 3, 

7T 1 6 6 2 

y = r sin 6 = 2 sin — = 2- = 1, so the correct answer is (F) 

0 iL 


The possible answers are: 

(A) (1,1) (B) (1,2) (0(2,1) (D) (V2, l) (E)(l,V2) (F)(V3,l) (G)(l,y'3) 


6 
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(13) The polar coordinates of the point whose Cartesian coordinates are (3,4) are 



Solution: We have r - V 3 2 + 4 - = ^25 
answer is (H) 



The possible answers are: 

(A) (V5, arctan |j (B) (Vs, arctan | 


(E) ( 5, arctan- 


(F) (5, 


arctan 


(C) (V5,arctan|) (D) (v 5, arctan | 


(G) ( 5, arctan (H) ^5, arctan ^ 


Evaluate the following definite integrals; The possible answers are: 

(A) ~lr ^i 1 * 3 (O-tof (E) 0 (F) ~ (G)ln| (H)ln| (I) iIn3 (J) ~ 

r3 

J 0 V4 + 7xdx Solution: Let u = 4 + 7x, so that du = 7 dx, and dx = 


(14) 

jdi 


21 


<-x=3 


21 


+ 7xdx - 

f“ =25 >1 , 
u?-du = 
Ju=4 7 

1 W5 

u- 23 

-S-t 25 *-'**] 

? 

234 



II 

r^ 

t-H 

r—i 

II 

21 U) 
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n 

(15) sin 7 2* cos 2 xdx 

J 0 

Solution: Let u = sin 2x, so that Au = 2 cos 2xdx, and dx 
L-o sm ' 2xcos 2xdx = \ U ~\- 

Ju=0 


( 






% 



du 




cos2x- 




1 cos 2x 


“- 

Then 

2 cos 2x 


lit 8 ! 1 

1 

1 b lo 

16 


(16) 


l 


ln3 p2* _ 


In 2 e~ x - 1 


dx 


Solution 


ion: f 

J In 


In 3 „2x 


2 e 2x - 1 


■dx 


rln 3 

Jin 2 


e x (e x - l) rin 3 

-dx = 


in 2 (e x + 1) {e x - i) 1 


)ln 2 (e x + 1) 

ln |e ln3 + i I _ i n Lin 2 , , I _ , lo ,. , A 

| I + 1| -ln|3 + l|-ln|2 + l| =l n 4-ln3 = In-(H) 


dx = In \e x + i| 


In 3 
In 2 



(17) 


Solution: We write — ^ __ _ 

x 2 - 4 x - 2 x + 2 


A B 

+ -and simplify to 


1 * Mx + 2) + B (x - 2). Substituting x - 2, we ge, A = and substituting * . _ 2 we 

apt R - — .... H 


gel B = so we have: 


/* ] j j 

jo x 2 - 4 Jo 4 (x - 2 x + 2 ) dx = 4 (J n lx - 2| - In |x + 2| 


~ (In 


1 - 2 
1 + 2 


-ln 


0-2 
0 + 2 


-4 (in 


-1 


1 1 , I A - 2 ! i 1 

= 7 In -i i 

o 4 I x + 2 | i o 

lnl-ll) = /(lni-o)= -J In 3(B) 
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Evaluate the following definite integrals; The possible 


answ-ers are: 


(A) — - — 
6 16 

(E) e 2 - e 


(18) xlnxdx 


(F) e 2 + e 


(C)In 2 - 


rr 

12 


(G) 


a 2 - 1 


Solution: We use integration by parts: 
let u = lnx and dv = xdx so that du = — 


(D) In 2 + — 
12 

(H) —~ 

4 




x- 


x an ^ v - — ■ Then we have 


f xlnxdx = f udv = uv — f 

Jx ~ 1 *=1 J*=i 


vdu = lnx— 
2 


_ f' x^dx _ 

flll J*=i 2 x 


x c 

\nx~ 

2 


*- -1 r 

,-l 2 J«- 


toe-l) j- (in. 


xdx = lnx — 

i 2 




x=l 


1 X 2 

2 2 


X=1 


= lln*-±)f 


x = l 






% 




(19) 


f 1 

Ji x 2 


dx 


Solution: Let u = ±, SO that du = 


, and dx = -x 2 du. Then 


f xml e*, F~ l e u , - r«-1 r w =2 

x 2 X J u =2 x 2 * = ~ eU du = e u du = e u 

J u=2 Ju=l 


u = 2 


u = l 


= e l - e(E) 


( 20 ) 


7 T ^ 

J* cos 2 2 xdx Solution: JJcos 2 2 xdx = J^I 


+ cos4x J l 
2- dx= o 


1 T 77- 1 . .TTl 

2 l? + i Sm4 ?J 


n 1 r v ^\ 7T V3 

« M'tJ- 6 _ I6 (A) 


x + - sin 4x 
4 


9 
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( 21 ) 




2x + 5 


x- + 4x + 13 


dx 


Solution. First complete squares: 

f ‘ - 5 _ dx = f‘ 2x + 5 . _ f 1 2[x + 2) - 1 

J -2 x~ + 4x + 13 . J _2 (x + 2) 2 + 3 2 A J _2 (x + 2) 2 -f 3 2 

dx 


r 


2(x + 2) 


2 (x + 2) 2 + 3 2 


In (1 + 2) 2 + 3 2 
In 18 + ^ arc tan 1 

In 2 + g(D) 


r^dx + 


r 


2 (X + 2) 2 + 3 2 
1 + 2 


In 


/ t \ 2 1 X + 21 I 1 

(x + 2) + 3 w j + - arctan- | 


-2 


+ - arctan 

•J j 

i 


In | (-2 + 2) 2 + 3‘ 


4- PI 


+ - arctan —— 


In 9 + - arctan 0 







= lnl8-ln9 + ~ - ±0 = in — + H- = 
3 4 3 9 12 
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Let: 

L be the curve y = /<x) . e », o s x s 1, 

: h ./ re8 ‘,° n iyl " 8 benveen 1- and the x-axis 
T Z ‘T sur { ace obtained by rotating £ about the x-axis 
V he «, SU t face obtained by rotating £ about the i-axis’ 
X be he sobd obtained by rotating R about the x a>uT 

M be t ° b,ameti by rota, '"8 * about the vZs 
M, be the moment of R about the x-axis. and let 


Find: 


-'h 











( 25 ) the area of S, Solution: (C) C 27 JxVTT^dx 

j 0 



( 26 ) the volume of \ x 


Solution: 



ne 2x dx 



( 27 ) the volume of y y 'Solution: 


(F) 


f 2nxe x dx 
Jo 



li 
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rl 1 7 

(28) m x Solution: (H) -e 2x dx 

Jo 2 


TJie possible answers are; 


(A) 

f vl - e~ x dx 

<B> 

\'le‘ 

X dx 

(C) I 2ttxv 1 + e-'dx 
Jo 


Jo 

ri 


Jo 4 


(D) 

27re*vl - e-'dx 

(E) 

7T £7 2 

A dx 

(F) 2rr.vf’ v tiv 


js 


lu 

1 -1 



(G) 

xe- x dx 

(H) 

-e- 

*dx 

(I) \1 + e 2x dx 


Jo 

f * 


Jo 2 


Jo 

(J) J 

e*dx 

>0 






Equate the following improper integrals; 


( 29 ) 



Solution: Let u 


-v-3. Then we have 



dx 



u -tip 


I n ti u -du = 

7-0- Ju-t 


lint —r- 

T-rr i 1 

4 -u-7 


lint 2 

7 —0 



4 

7 


lim 2\A 2 \T. 4(D) 

7-0‘ 



3 dx 
1 + 9x 2 


Solution: Let A = ^ tan 0, so that dx = | sec 2 Odd. Then 

f x= “ 3tiA' f ,i! r 3^ sec-' 0d6 r 0= ? se c 2 0d0 

.X-J 1 + 9x2 - J„.« l + tan 2 02 “ Je=E sec 2 0 “ 


TT 

¥ 


(F) 


The possible answers are: 

(A) 1 (B) 2 (0 3 (DM (E)5 (F) j (G) j (H) ^ (I) ^ (J) 7 ~ 


12 
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lien t funCtion satisfies the differential equation y' = ky. The graph of the function i 
also known to pass through the points (3,2) and (9,18). Find n'(0). 






% 


Solution: We must have y(t) = y(0)e kt , and we know that 
v(3) = y(0)e kl3) = 2 and 
y( 9) = >’( 0 )e fc(9) = 18 . 

Dividing the latter by the former, we get: 


v(9) _ y( 0)c fc(9 > e 9k 
y{ 3) ~~ y(0)e k ^ = = = ~ = 9, s° e 6k = 9. 


_ „6k 


18 





Taking logarithms, we can solve for fc k = i In 9 - i In 3. Substring this back i 
the equation D 6 


-> - 


into 



The possible answers are: 
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in a cooler whose temperature is S'. At noon the temperature of the keg iTobsmed 
t° JelS. How many Jours AFI/ER 12 NOON wi_ tae oeer oe cox enough to serati.e^LjJ ,/ 
Hint: The equation describing temperature change is T(f > = j", ♦ ( T n - T 





J ! 1 1 i i M ! I ! t | 

MJIUnon; We have T* = 5 and To = 20. so the equation is Tit) = 5 + I5e kt . 1 
We also have T(2) = 15. so we can solve for fc 

7 (2) =15 = 5+ tells us that e 2k = \ and therefore k = 1 In - 2 

• .1 2 . 1 ' 

\Se substitute this into our equation: 

the equation^ ^ ^ ** ,0 know for what f we ^ ^ ™) = 8. so we solve 

« *= b + 15^2 M* f or i : 

— _ r. n In j f 

5 


in5 = *ln|f, t = 


_ln5 

_ ^ 1 j n : ^ j^T- Now this is the time it takes from 10A.M. to coo! 

the beer, and we want to know how long after noon it will take, so we subtract r ’ from 
this number: 


,|E|_ 2 . 2 fto5_^_ tos-to| ^ tajs Inf 

Vlnf ) Inf Inf Inf ' (UJ ] n 3 


The possible answers are: 


In | 

(AI2 d 


(B) 2 


M 

In I 


Inf 

(0 2-4 

In# 


In y 

<D,2 4 


In-Y 
(E)2—f 
In# 


(F)2 y-f 

Inf 


In ^ 

(0 2-4 
In # 


14 















